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Time-Loop Formalism for Irreversible Quantum Problems: Steady State Transport in
Juntions with Asymmetri Dynamis
P. Kakashvili and C. J. Boleh
Physis & Astronomy Department, Rie University, Houston, TX 77005, USA
Non-unitary quantum mehanis has been used in the past to study irreversibility, dissipation
and deay in a variety of physial systems. In this letter, we propose a general sheme to deal with
systems governed by non-Hermitian Hamiltonians. We argue that the Shwinger-Keldysh formalism
gives a natural desription for those problems. To eluidate the method, we study a simple model
inspired by mesosopi physis an asymmetri juntion. The system is governed by a non-Hermitian
Hamiltonian whih aptures essential aspets of irreversibility.
Non-Hermitian formulations of quantum mehanial
problems have attrated substantial interest in almost
all areas of physis. In most ases, non-unitary ap-
proahes are utilized to desribe irreversible proesses,
suh as deay and dissipation, in open quantum sys-
tems. This type of problems have been addressed sine
the early days of quantum mehanis, when the om-
plex eigenvalue method was pioneered to desribe the
α-deay of nulei [1, 2℄. Sine then, non-unitary ap-
proahes have been applied to theories of K and B me-
son deay [3, 4℄, sattering and absorption of partiles
by nulei [5℄, nulear reations [6, 7℄, multi-photon ion-
ization of atoms [8, 9℄, optial resonators [10℄ and free-
eletron lasers [11℄. Growth models have been investi-
gated by mapping a master equation into a Shrödinger
equation with a non-Hermitian Hamiltonian [12℄. In
the last deade, non-Hermitian theories have also been
applied to ondensed matter systems with loalization-
deloalization transitions. Pinning/depinning of ux
lines from olumnar defets has been studied [13℄ in type-
II superondutors, and the eets of a single olum-
nar defet on utuating ux lines has been onsidered
by mapping to a non-Hermitian Luttinger Liquid model
and using the density matrix renormalization group
(DMRG) [14℄. Generalized DMRG has been applied also
to a one-dimensional reation-diusion model with non-
unitary time evolution [15℄ and a non-Hermitian spin-
1/2 Heisenberg hain [16℄. The losing of the Mott
gap has been investigated in the non-Hermitian Hub-
bard model [17℄ and evaporatively ooled Bose-Einstein
ondensates (BECs) have been studied by a non-unitary
quantum dynamis approah [18℄. While all of the above
studies used a variety of ase-spei methods and were
mainly onerned with either time-independent or tran-
sient behaviors, in this letter we present a general frame-
work, that we apply to a steady-state formulation of an
irreversible system.
To dene our approah we start with the Shwinger-
Keldysh (SK) formalism [19, 20℄, whih turns out to be
very natural in the non-Hermitian ase. In the SK for-
mulation, the evolution of a system is desribed on a
time loop (Keldysh ontour,K) with forward (−) and
bakward (+) diretions (see Fig. 1), thus dening
two distint branhes for time evolution. Speial are
should be taken to dene proper evolution operators for
eah diretion. One ould argue that the time evolution
operator is the same along the full path, as in the Hermi-
tian ase, UˆK(t, t0) = Uˆ+Uˆ− = TKe
−i
R
t
t0
dt′Hˆ(t′)
(where
TK is the time-ordering operator along the Keldysh on-
tour); whih preserves the normalization along the on-
tour, UˆK(t
+
0 , t
−
0 ) = 1 . This would mean that the time
evolution would be governed by Hˆ on both branhes.
Even though this hoie ensures that the bakward
evolution is the algebrai inverse of the forward one
and it may seem a good hoie, we should emphasize
that it does not desribe the physial proess faith-
fully. Physially, in the bakward branh, the sys-
tem should rewind its forward evolution and therefore
Hˆ† should be the operator whih ditates the dynamis.
Then the bakward time evolution operator is given
by Uˆ+(t0, t) = Uˆ
†
−(t, t0) = T˜ e
i
R
t
t0
dt′Hˆ†(t′)
6= Uˆ−1− (t, t0),
whih is automatially anti-time-ordered (with T˜ repre-
senting the anti-time-ordering operator). Of ourse, one
reovers the familiar result in the Hermitian ase. We
see that this approah would be hard to implement in
a single-time formalism and a double-time approah is
essential and rather natural for non-Hermitian problems.
Thus, the + branh is governed by the Hermitian onju-
gate theory and the time-ordered Green's funtion (G−−)
is mapped into the anti-time-ordered one (G++) by Her-
mitian onjugation; whih is all natural in a time-loop
formalism. This makes a generalized SK method an ap-
pealing hoie [30℄.
G
+−G
−−
G
++
G
−+
t
−
+
Uˆ
−
Uˆ+ = Uˆ
†
−
FIG. 1: Sketh of the Keldysh ontour. The arrows show the
diretion of the time evolution. Here G−− is the time-ordered
Green's funtion, G++ is the anti-time-ordered Green's fun-
tion, G+− is the greater Green's funtion and G−+ is the
lesser Green's funtion.
2To illustrate the formalism, we shall study a simple
model of a single-mode asymmetri tunneling juntion
(see inset of Fig. 2) [31℄, whih aptures essential aspets
of irreversibility. We shall study the steady state trans-
port of the system. The Hamiltonian of the model is
given by Hˆ = Hˆ0 + Hˆt, where
Hˆ0 =
∑
r=R,L
Hˆ0,r = −iv
∑
r=R,L
∫
dx ψˆ†r(x)∂xψˆr(x) (1)
desribes noninterating left (L) and right (R) leads in
a one-dimensional formulation [21℄. ψ†r(x) [ψr(x)℄ rep-
resent eletron reation [annihilation℄ operators in the
orresponding lead and v is the Fermi veloity whih is
taken to be the same for both leads.
The irreversible nature of the problem is given by
Hˆt = 2v
∑
r 6=r′
tr ψˆ
†
r(x=0)ψˆr′(x=0), (2)
whih desribes the tunneling with rates tL 6= t
∗
R in the
asymmetri juntion (AJ) ase. (In this letter, kB = ~ =
e = 1.)
Let us derive a loal theory whih aptures the essen-
tial physis of the juntion. After integrating out the
leads exatly in a path-integral formulation and drop-
ping the oordinate dependene of the eletron reation
and annihilation operators, the loal ation reads
A =
∫ ∞
−∞
Ψ¯(t)G−1(t− t′)Ψ(t′) dtdt′, (3)
where Ψ =
(
ψ−L ψ
−
R ψ
+
L ψ
+
R
)T
. We have doubled the
basis of the problem, whih is ustomary in the SK for-
mulation, and assigned extra indies − and + to the
elds aording to the partiular branh of the Keldysh
ontour they belong to. In Eq. (3), we expliitly im-
posed the steady-state onstraint by speifying the time
dependene of the inverse Green's funtion G
−1
; In the
steady state, the Green's funtion depends only on the
time dierene, t − t′, and not on the enter-of-mass
time (t+t′)/2 [22, 23℄. Thus, the Fourier transform (with
respet to the time dierene) is given by
G
−1(ω)
−2vi
=


−sL −itL sL − 1 0
−itR −sR 0 sR − 1
sL + 1 0 −sL it
∗
R
0 sR + 1 it
∗
L −sR

 , (4)
where sr = tanh
ω−µr
2Tr
. Here, we assumed that the leads
are in equilibrium at their respetive hemial potentials
(µL and µR) and temperatures (TL and TR).
Using the Green's funtions, we an alulate the
transport properties of the asymmetri juntion.
Current - We rst desribe a urrent owing aross the
juntion. We expet that there should be an asymmetry
between positive and negative voltage bias. We dene the
urrent operator in the usual way by Iˆ = 12∂t∆Nˆ , where
∆Nˆ = NˆR−NˆL, and NˆL and NˆR are the partile number
operators for the left and right leads, respetively. While
the urrent is dened unambiguously for a symmetri
juntion (SJ), this is not the ase for an asymmetri one.
The above formula is inomplete if we do not speify on
whih branh ∆Nˆ resides. On the − branh, the ur-
rent operator is given by Iˆ− = 12∂t∆Nˆ
− = i2 [Hˆ,∆Nˆ
−];
sine Hˆ governs the time evolution on this branh. This
prompts us to use the time-ordered (−− omponent)
Green's funtions for alulations. The urrent is thus
given by
I− = 2v
∫ ∞
−∞
dω
2pi
[tLG
−−
RL (ω)− tRG
−−
LR (ω)]. (5)
For onsisteny, we should get the same result if we
do alulations on the + branh. In this ase, the ur-
rent operator reads Iˆ+ = 12∂t∆Nˆ
+ = i2 [Hˆ
†,∆Nˆ+]; in
analogy with the − branh. Here Hˆ† denes the time
evolution and we should use the anti-time-ordered (++
omponent) Green's funtions. In this ase the urrent
has the same form as in Eq. (5), but with time-ordered
Green's funtions replaed by anti-time-ordered ones and
tL/R → t
∗
R/L. Diret alulations indeed show that
I− = I+ = I. In the SJ limit, alulations an be done
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FIG. 2: Current, I , as a funtion of voltage, V , for dierent
temperatures (in arbitrary units). The urrent is shown for
tR = tL = 0.05 and tR = tL = 0.05/
√
2 (SJ ase, dotted
lines), for tR = 0.05 and tL = 0.05/
√
2 (dashed lines) and
for tR = 0.05 and tL = 0 (solid lines). The temperature
inreases from bottom to top and GQ indiates the quantum
of ondutane. Inset : Sketh of the tunneling setup.
analytially and the urrent is given by I = GV , where
G = 2|t|
2
pi(1+|t|2)2 [24℄ and V = µL − µR. The well known
symmetry of the ondutane in the SJ ase, |t| → 1/|t|,
is generalized to tR/L → 1/t
∗
L/R for the AJ one. The
results for the urrent in the weak tunneling limit are
shown on Fig. 2, where we see the antiipated asymmet-
ri behavior for unequal tunneling strengths. For large
voltages the behavior is similar to the SJ ase with the
orresponding tunneling rate (t = tR, tL for positive or
3negative bias, respetively). In the extreme limit when
tL = 0, we see a lear diode-like behavior. The results
also show temperature dependene (that disappears in
the SJ limit), in partiular, the urrent is nonzero for
zero voltage due to nite temperature eets (I0 ∝ T ).
For intermediate and large tunneling strengths, the ur-
rent is signiantly dierent from the SJ value even for
large voltages. This an be seen on Fig. 3, whih shows
the ondutane as a funtion of tunneling rate.
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FIG. 3: Large-voltage ondutane as a funtion of tunneling
strength (tR) for a SJ, t = tR (dotted line) and in the extreme
AJ ase, tL = 0 (solid line).
The behavior of the ondutane an be understood in
terms of a perturbative expansion. For weak tunneling
(t, tR ≪ 1), the expansions for the symmetri and asym-
metri ases are idential (i.e., the leading orders oin-
ide). While for intermediate tunneling (t, tR ∼ 1), many
proesses whih are allowed for the SJ are not allowed for
the extreme asymmetri one, hene the redution of the
ondutane. For large tunneling strengths (t, tR ≫ 1),
the ondutane dereases in the SJ ase due to a reso-
nane developing at the juntion. In the AJ ase, this
resonane is suppressed and, therefore, the ondutane
inreases, and saturates at the quantum of ondutane
in the limiting ase (tR →∞).
Noise - Now we turn to the noise, whih is an ω-
dependent response [24, 25℄. The urrent-urrent or-
relation funtion is usually dened in the following way
S(t, t′) =
〈
: Iˆ(t) :: Iˆ(t′) : + : Iˆ(t′) :: Iˆ(t) :
〉
, (6)
where : : denotes normal ordering. Bearing in mind the
SK formalism, we redene S as
S(t, t′) =
∑
η 6=η′
〈
TK : Iˆ
η(t) :: Iˆη
′
(t′) :
〉
, (7)
whih is equivalent to the denition in Eq. (6).
From the denitions of the urrent operators on the
orresponding branhes, using Wik's theorem [26℄ and
Fourier transforming, we get the urrent noise power
S(ω)
4v2
= tLt
∗
L{[G
+−
LL ◦G
−+
RR ](ω) + [G
−+
RR ◦G
+−
LL ](ω)}
+ tRt
∗
R{[G
+−
RR ◦G
−+
LL ](ω) + [G
−+
LL ◦G
+−
RR ](ω)}
− tRt
∗
L{[G
+−
LR ◦G
−+
LR ](ω) + [G
−+
LR ◦G
+−
LR ](ω)}
− tLt
∗
R{[G
+−
RL ◦G
−+
RL ](ω) + [G
−+
RL ◦G
+−
RL ](ω)},
where the orrelation produt is dened as
[G1 ◦G2](ω) =
∫ ∞
−∞
dω′
2pi
G1(ω
′ − ω)G2(ω
′). (8)
In the SJ limit, we get the well established result [24℄:
S(ω=0) = 8piG2T + 2G(1− 2piG)V coth
V
2T
. (9)
The dependene of S(ω=0) on bias voltage and temper-
ature, for weak tunneling, is shown on Fig. 4. The results
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FIG. 4: Current noise power, S(ω=0), as a funtion of volt-
age, V , for dierent temperatures (in arbitrary units). The
line styles and parameters are the same as in Fig. 2.
show similar asymmetri behavior as for the urrent. For
large voltages, the behavior of the noise power is similar
to that of the SJ with the orresponding tunneling rate
(in exat analogy with the behavior of the urrent). In
the limiting ase with tL = 0, we see the suppression of
the noise for negative voltage bias, whih is onsistent
with the diode-like behavior and is due to the redution
of the urrent in this regime (see Fig. 2). In the shot noise
limit (V ≫ T ), the Fano fator F ≡ S(ω=0)/(2I) = 1
for week tunneling as in the SJ ase.
Heat urrent - Now we shall turn to the thermal on-
dutivity, alulate the heat urrent, IQ, and hek the
Wiedemann-Franz law. To dene the heat urrent, we
use the rst law of thermodynamis to write
∆Q = d∆E + µLdNL − µRdNR, (10)
where∆Q = QR−QL and∆E =
〈
Hˆ0,R − Hˆ0,L
〉
. By us-
ing the usual denitions for the urrents, hoosing a par-
tiular branh (−) on the Keldysh ontour and den-
ing the average hemial potential µ¯ = (µL + µR)/2, we
4get I−Q = I
−
E − µ¯I
−
. Using the equations of motion for
the eletron reation and annihilation operators, and per-
forming some algebra, the heat urrent reads
I−Q = 2v
∫
dω
2pi
(ω − µ¯)[tLG
−−
RL (ω)− tRG
−−
LR (ω)]. (11)
Our alulations on the bakward branh yield I+Q =
I−Q = IQ, in exat analogy with the result for the eletri
urrent. In the SJ ase, we obtain the well known result
[27℄ IQ = K∆T , with K =
2piT¯ |t|2
3(1+|t|2)2 , where ∆T = TL −
TR and T¯ = (TR + TL)/2. The Wiedemann-Franz law
holds and is given by K/(GT¯ ) = pi2/3 ≡ L0, the Lorentz
number.
In general, if bias voltages and temperature gradients
are applied, the eletri and heat urrents are given by
I = L11V + L12∆T + I0,
IQ = L21V + L22∆T. (12)
For the SJ ase, L11 = G, L22 = K and L12 = L21 = 0;
so no thermoeletri eets are observed. For the AJ
ase, expanding the result to linear order in V and ∆T ,
we see that still L12 = L21 = 0. (Notie that thermo-
eletri eets are observed in this ase, but not at the
linear order.) In terms of the transport oeients, the
Lorentz number is dened as L22/(L11T¯ ). Our alula-
tions show deviations from the Wiedemann-Franz law.
This behavior is due to the same eets as in the ase of
the ondutane and the presene of the nonzero I0 for
the AJ ase; L0 ≃ pi
2/3 for small tunneling strengths,
but it inreases as the strength inreases.
We have presented a general sheme to deal with non-
Hermitian Hamiltonians, and have shown that the gen-
eralized Shwinger-Keldysh formalism is a natural hoie
for suh appliations. As an example, we have studied a
simple model of an asymmetri tunneling juntion where
irreversibility is expliitly enoded into the Hamiltonian,
hene making it non-Hermitian. We have alulated the
steady state transport properties of the juntion and seen
that the behavior of the observables goes along with our
physial expetations for the model. The approah is not
limited to systems with steady states and an be used to
address general non-equilibrium situations. We intend to
apply it, for instane, to study the formation and evap-
oration dynamis of interating BECs, where a steady
state is not ahieved, and explore regimes (e.g., the uni-
tary limit) that are not aessible with present methods.
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